Signatures of nodal line/point superconductivity 1,2 have been observed in half-Heusler compounds, such as LnPtBi (Ln = Y, Lu). Topologically non-trivial band structures, as well as topological surface states, has also been confirmed by angular-resolved photoemission spectroscopy in these compounds 3 . In this work, we present a systematical classification of possible gap functions of bulk states and surface states in half-Heusler compounds and the corresponding topological properties based on the representations of crystalline symmetry group. Different from all the previous studies based on four band Luttinger model, our study starts with the six-band Kane model, which involves both four p-orbital type of Γ8 bands and two s-orbital type of Γ6 bands. Although the Γ6 bands are away from the Fermi energy, our results reveal the importance of topological surface states, which originate from the band inversion between Γ6 and Γ8 bands, in determining surface properties of these compounds in the superconducting regime by combining topological bulk state picture and non-trivial surface state picture.
I. INTRODUCTION
Ternary half-Heusler compounds with XYZ compositions, where X, Y atoms are from transition or rare-earth metals and Z is from main-group element, have attracted a great deal of researchers' attention for their tunability of electronic band structures (band gap, spin-orbit coupling strength, etc) and multiple functionality 4 . Topological insulator phases have been theoretically predicted in more than 50 compounds of half-Heusler family [5] [6] [7] [8] , thus providing us a fertile ground to search for other topological phases. Recent experiment of angle-resolved photoemission spectroscopy (ARPES) has observed topological surface states(TSSs) in half-Heusler compounds YPtBi and LuPtBi 3 . More interestingly, superconductivity has also been found to coexist with topologically non-trivial band structures in these two half-Heusler compounds [9] [10] [11] . Experimentally, the upper critical field H c2 of YPtBi was found significantly higher than the orbital limit 9 and the temperature-dependent penetration length in YPtBi follows a power law behavior, instead of exponential dependence in normal s-wave superconductors 1 . In addition, the first principles calculation has also excluded the conventional electron-phonon coupling mechanism for superconductivity in these compounds 12 . All these theoretical experimental results suggest the possibility of unconventional superconductivity in these superconducting halfHeusler compounds.
In this work, we aim in a systematic classification of bulk and surface superconducting gap functions in halfHeusler superconductors based on the six-band Kane model. The previous theoretical studies based on four band Luttinger model have suggested the possibility of quintet (J = 2) and septet (J = 3) pairing functions due to spin-3/2 fermions 2, [13] [14] [15] [16] , and various topological superconducting phases with different pairing symmetries 1, 2, [17] [18] [19] [20] [21] [22] . However, the Luttinger model only takes into account four Γ 8 bands originating from the p atomic orbitals, but neglects Γ 6 bands from the s atomic orbitals. Although the Γ 6 bands are far away from the Fermi energy for YPtBi and LuPtBi, the band inversion between the Γ 6 and Γ 8 bands can lead to TSSs, which can coexist with bulk superconductivity. A recent experimental report indicates a significant higher transition temperature at the surface than that in the bulk for LuPtBi 23 . Thus, this leads to the interesting question how surface superconductivity is related to bulk superconductivity and how it affects surface properties in these half-Heusler superconductors. This is the main question that we hope to understand in this work.
Below we will first present a systematic classification of possible bulk gap functions for half-Heusler compounds based on the six-band Kane model in Section II. In Section III, mirror symmetry protected topological superconductivity with non-trivial surfaces states is demonstrated in several types of gap functions. Some results in this section have been known and the purpose of this section is to establish the bulk topological invariant which will reflect itself in the surface dispersion discussed in the next section. In Section IV, we will project the bulk gap functions into the Hilbert space spanned by topological surface states and establish the relationship between bulk gap functions and surface gap functions. We will also study possible Majorana bands due to surface superconducting pairings.
II. MODEL HAMILTONIAN AND CLASSIFICATION OF GAP FUNCTION IN T d GROUP
Similar to the conventional zinc-blende semiconductors, the crystal structure of half-Heusler compounds possesses T d group symmetry and thus their low energy physics can be described by the eight-band Kane model 5, 6, 24 . The detailed form of the Kane Hamiltonian is shown in the Appendix A. The inversion breaking term (C term in the Γ 8 part of Kane model) is not taken into account in our calculation. Since Γ 7 band is far from the Fermi energy for LnPtBi (Ln = Lu, Y), we neglect Γ 7 band and only focus on two Γ 6 bands and four Γ 8 bands, which give rise to the six-band Kane model. Γ 6 band mainly consists of s-orbital and has a total angular momentum j = 1 2 due to spin while Γ 8 bands, consisting of heavy-hole and light-hole bands, has a total angular momentum j = 3 2 due to the combination of p-orbital angular momentum and spin. As shown in Fig. 1 , the Γ 6 bands have a lower energy compared to the Γ 8 bands, thus forming an inverted band structure. This band inversion suggests the existence of TSSs coexisting and hybridizing with bulk states at the surface, as schematically depicted in Fig. 1 Next, we hope to implement a systematical classification of all possible gap functions for the six-band Kane model. T d point group can be generated by mirror symmetry operation with respect to (110) plane M [110] , threefold rotational operation along [111] direction C 3 and improper four-fold rotational operation along [001] direction S 4 . Thus, we will use these three symmetry operations to classify possible s-wave on-site pairings for Γ 6 and Γ 8 band as well as the pairings between Γ 6 and Γ 8 bands (See Appendix B for more details). For Cooper pairs within Γ 6 bands, the possible s-wave pairing δ s is the conventional spin-singlet pairing, given by c Γ6,↑ c Γ6,↓ − c Γ6,↓ c Γ6,↑ or δ s = iξ 1 σ y in a matrix form, which belongs to A 1 (Γ 1 ) irreducible representation (IrRep) of T d group. Possible gap functions for the Γ 8 bands are listed in Table I , from which one can see that the singlet gap function δ 1 belong to A 1 IrRep, the quintet pairing functions δ 2 and δ 4 belong to the E IrRep and the quintet pairing functions δ 3 , δ 5 and δ 6 form a T 2 IrRep. In addition, we also consider the p-wave septet pairing 2 and d-wave quintet pairing 21 , which are both in A 1 IrRep. The p-wave septet pairing for the Γ 8 bands takes the form
while the d-wave quintet pairing should be described by
with
y ) and expressions of J x,y,z shown in Appendix B 3. The gap functions between the Γ 6 and Γ 8 bands fall into three IrReps, which are listed in Table II . The third column list their matrix forms on the basis ΨΓ 8 = (|Γ8, 1 2 , |Γ8, − 1 2 , |Γ8, 3 2 , |Γ8, − 3 2 ) T . Here τx,y,z and σx,y,z are Pauli matrices.
Cooper pair
The above discussion of pairing functions suggests that unconventional superconductivity could exist in halfHeusler compounds beyond spin singlet or triplet pairing. Since only |Γ 8 , ±3/2 states appear near the Fermi energy for a sample with hole doping, one needs to project the gap functions onto the bulk states |Γ 8 , ± 3 2 . To perform the projection, one may first diagonalize the , the effective gap function can be obtained as
The projected gap functions of Cooper pairings onto
can be decomposed as a function of spherical harmonics in the form
where c m , cn ,m are complex coefficients and Y lm (k) are the spherical harmonics. The major components of the projected gap functions are listed in Table III 
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III. TOPOLOGICAL MIRROR SUPERCONDUCTIVITY IN HALF-HEUSLER COMPOUNDS
The above analysis has classified all possible pairing functions for half-Heusler superconductors with onsite pairings in the six-band Kane model. The coexistence of superconductivity and nontrivial electronic band structure in half-Heusler compounds, LnPtBi (Ln = Y, Lu), implies the possibility of topological superconductivity 3, 5, 9, 11 . This section will focus on topological mirror superconductor phase due to the existence of mirror symmetry in half-Heusler crystals. Some results in this section have been studied in the literature 13 , but to be self-contained, we will describe the topological invariant of the topological mirror superconductor phase, which will reflect itself in the surface state spectrum discussed in the next section.
A. Mirror symmetry and BdG Hamiltonian
For convenience, we first transform the Kane model into a new set of basis wavefunctions that are eigenmodes of mirror symmetry. The mirror symmetry operator is defined as M [110] ≡ C 2 I, where C 2 is the two-fold rotational symmetry operator along [110] direction and I is the inversion symmetry operator. For e4(Y2,2 + Y2,−2)iσy δ11
on the basis function Ψ Γ6 = (|Γ 6 , on basis function
T . I = 1(−1) is used as the inversion operator for Γ 6,(8) band. Consequently, the mirror symmetry should take the form
T . One can easily check that M
2
[110] = −1 and thus the corresponding mirror parities should be taken as ±i. Furthermore, we rotation the momentum (
(k x +k y ) is normal to the mirror invariant
(k y −k x ) lies in the mirror invariant plane. Since the mirror symmetry operator M [110] and the Hamiltonian commute with each other at the mirror invariant plane with k ⊥ = 0, one can block-diagonalize the Hamiltonian into two separate subblock Hamiltonians, each of which has a definite mirror parity.
In the mirror parity +i subspace, the new basis functions are written as Φ +i = e i5π/8 (−
The Hamiltonian on this basis function reads
where
Similarly, the Hamiltonian block with mirror parity −i can be written as
on the basis function
T . The above two block Hamiltonians e ±i are related to each other by time reversal (TR) symmetry, whose TR operator is expressed as
T with the complex conjugate operator K. On the new basis functions Φ = (Φ +i , Φ −i )
T , the TR operator is expressed as
Next we focus on the resulting Bogoliubov-de Gennes (BdG) type of Hamiltonian on the mirror invariant plane, which is written as
, µ is the chemical potential and ∆ denotes the superconducting gap function with the form
Here c ±i (k) is the annihilation operator on the basis Φ ±i . Each block in H 0 and ∆ represents a 3 by 3 matrix. The BdG Hamiltonian satisfies the particle-hole(PH) symmetry CH BdG (k)C −1 = −H BdG (−k) with the PH symmetry operator C = τ x ⊗ I 6×6 K, where τ x acts on the Nambu space. Moreover, the PH symmetry (or Fermi statistics) requires the constraint ∆(k) = −∆ T (−k) for the gap function.
Mirror symmetry permitted gap functions should be-
[110] = η∆ with η = ±1. As a result, one can define a new mirror operator in the Nambu space for the BdG Hamiltonian in Eq. 6 on the mirror invariant plane k ⊥ = 0 as
.
One can easily check thatM
is used. For η = +(−), the corresponding gap function, as well as the superconducting ground state wave function, is even (odd) under mirror symmetry operation. Thus, these two different mirror symmetry operatorsM ± classify two different types of gap functions.
For the case ofM + (even mirror parity pairing function), the gap function takes the form
on the basis set by the operators
T , where the superscript denotes the value of η and the subscript ±i denotes mirror parity. With the gap function Eq. (9), the BdG Hamiltonian (6) can be rewritten into a block diagonal form with two blocks in the mirror parity ±i subspace (Here the mirror parity ±i refers to the electron part set by the operators c ±i (k)). While there is no TR symmetry and PH symmetry in each block Hamiltonian, these two blocks are related by both TR and PH symmetry. As a result, chiral symmetry Π, which is defined as Π = C × T 25 , exists in each block. As a consequence, each block Hamiltonian with a fixed mirror parity belongs to the AIII symmetry class, as illustrated in Fig. 2(a) . For the AIII symmetry class, there is no topological classification in 2D, but Z topological invariant in 1D [25] [26] [27] . One can find a unitary matrix V to transform the Hamiltonian into an invariant (winding number) is defined as
For the case ofM − (odd parity pairing function), the gap function reads
where the subscript and superscript are defined in the same way as those for ∆ (+) . In this case, the BdG Hamiltonian also takes a block diagonal form in the mirror parity ±i subspace with each block preserving PH symmetry and two blocks related by TR symmetry. Thus, each block Hamiltonian belongs to the D symmetry class and the corresponding topological invariant is Z in 2D, defined by Chern number 28, 29 and Z 2 in 1D 25-27 .
B. Topological phases on mirror invariant planes
The above symmetry analysis of gap functions suggests the possibility of TSC phase in both the gap functions ∆ (+) and ∆ (−) . In this section, we will study TSC phases for the model Hamiltonian (4.5) explicitly for both cases.
Even mirror parity case∆ (+)
Since the Hamiltonian is block diagonal, we focus on the block part with mirror parity +i while the block with mirror parity −i can be related by TR symmetry. The gap function ∆ (+) +i for the +i block takes the form (See Appendix C for more details)
on the basis set by the operators ψ
Here the gap functions are characterized by the parameters ξ i and their relationship to δ i used in the section II is listed in Table IX in Appendix D. The resulting Hamiltonian in the mirror parity +i subspace is expressed as
where e +i and e −i are 3 × 3 matrices, defined in Eq. 4 and 5. Since this Hamiltonian respects the chiral sym-
unitary transformation, where
TSC phase can exist for the above Hamiltonian, with the topological invariant defined by Eq. (10) . As an example, we consider the gap function ξ 7 , which belongs to T 2 IrRep. The bulk energy dispersion of superconducting states is shown in Fig. 3(a) for the chemical potential lying between the Γ 8 and Γ 6 bands, as shown in Fig. 1 , and other parameters shown in Table IV . One can see four nodes are present, thus giving rise to nodal superconductivity. To further explore topological property of this nodal superconductivity, we calculate the local density of states (LDOS) at the surface based on applying the iterative Green's function method 30 to the BdG Hamitlonian H (+) +i in a semi-infinite system with an open boundary along thek || direction. As shown in Fig. 3 (b) , a zeroenergy flat band appears between two bulk nodal points along k z direction. To extract the topological nature of this zero-energy flat band, we treat k z as a parameter and the bulk bands can be viewed as a 1D system with the momentum k || . As a result, the zero-energy band is protected by the winding number defined in Eq. (10) . The winding number at a specific momentum k z can be simplified as
, where the integral loop is along k || from −π to π. Fig. 3 (c) shows the winding of det(q(k z , k || ))) around the origin in the complex plane for k z = −0.1 and k || changes from −π to π, from which one can see ν = 1. The winding number ν as a function of k z is shown in Fig. 3 (d) , and compared with Fig. 3(b) , one can see the zero-energy flat band appears in the k z momentum regime where ν is non-zero. Thus, our results demonstrate the existence of mirror symmetry protected nontrivial topological superconducting phase with flat zero-energy Majorana surface bands for the case of∆ (+) pairing. By following a similar method, we find that ξ 1,2,3,6,9 only lead to the trivial topological phase while ξ 4, 5, 7, 8 are possible to give the nontrivial topological phases. 
Odd mirror parity caseM−
Due to the block digonal nature of the BdG Hamiltonian, we can again only focus on the block in the mirror parity +i subspace with the gap function given by on the basis set by
T , is The resulting Hamiltonian in the mirror parity +i subspace is expressed as
where e +i is 3 × 3 matrices, as defined in Eq. 4. This Hamiltonian respects particle-hole symmetry C (−) +i = τ x ⊗ I 3×3 K, and thus allows for the TSC phase defined by Chern number as discussed above.
Here we take η 5 term in the T 1 representation in Eq. (15) as an example and discuss other pairing functions later. For a small η 5 = 1.5 and other parameters listed in Table V , the surface LDOS for a semi-infinite system along k direction is shown in Fig. 4 (a) , where two chiral Majorana surface modes exist in the mirror subspace +i, corresponding to the mirror TSC phase with the mirror Chern number n +i = −2 31, 32 . When increasing the pairing function magnitude, a topological phase transition can occur and drive the system into the TSC phase with only one chiral Majorana edge mode in the mirror +i subspace. Fig. 4 (b) shows the LDOS at the surface for η 5 = 3, which corresponds to the mirror TSC phase with mirror Chern number n M = −1. We find the above result is quite general once a full bulk superconducting gap is opened in this case (Otherwise it will be nodal superconductivity). This is because two by two block in the Hamiltonian e +i (k) spanned by the basis Φ +i,1 and Φ +i,2 carries non-zero Chern number, which accounts for topological surface state between the Γ 6 and Γ 8 bands. As a result, a mirror Chern number n +i = −2 has been "hidden" in this system even without superconducting gap. Similar situation has been discussed in the quantum anomalous Hall insulator in proximity to superconductivity 33 . 
IV. TOPOLOGICAL SURFACE SUPERCONDUCTIVITY IN HALF-HEUSLER COMPOUNDS
In the above section, we have perform a systematic study of possible TSC phase in superconducting halfHeusler compounds based on the classification of bulk superconducting gap functions. A recent scanning tunneling microscopy (STM) measurement of the superconducting gap 23 suggests that surface superconductivity in LuPtBi with superconducting transition temperature T c ≈ 6 − 7 K, much greater than bulk transition temperature T c = 0.9K measured from transport experiment. This motives us to study superconductivity related to surface states in this section, rather than the bulk superconductivity. 
is the z-direction wavefunciton. Moreover, due to time-reveral symmetry, we can choose a, c to be real and b, f (z) to be imaginary. Let us take the pairing function δ 4 = −c Γ81,↑ c Γ83,↑ + c Γ81,↓ c Γ83,↓ as an example. By projecting the pairing functions into the TSS wavefunction, one can obtaiñ
. This verifies the numerical results of the projection of gap function δ 4 . Similar calculations can be applied to other gap functions to confirm the results in Table VI .
B. Projection of gap functions onto two band effective model of surface states
It is known that TSS of topological insulators can be described by the two band Dirac Hamiltonian H s,0 = A 0 (k y σ x − k x σ y ) − µ on the basis | ↑ and | ↓ which at k = 0 become the eigen-wavefunctions of TSSs. Thus, we next try to construct projected gap functions on the basis | ↑ and | ↓ . Generally, we can write down an effective surface BdG Hamiltonian as To get the form of ∆ function in the two band model for surface states, one can write down the explicit form of basis wave functions of surface states, given by | ↑ = f (z)(a, 0, b, 0, −ce −iθ k , 0) T and | ↓ = f (z)(0, a, 0, b, 0, ce iθ k ) T , and project the gap function δ i onto these two basis wave functions directly. The obtained gap functions (2 by 2 matrices) are shown in the third column in Table VI . We can further project gap functions on the Fermi surface of surface states with the eigen wavefunction given by φ s (k) =
the basis | ↑ and | ↓ . As a result, the projection of gap functions can be obtained as∆ = φ †
, which are consistent with the results obtained in the last section (the second column in Table VI) .
Next, we will discuss the band dispersion of the surface BdG Hamiltonian using the result in the third column in Table VI . For simplicity, we choose the overall phase of the gap function in the third column of Table VI to 
A , which gives a fully gaped superconductivity on TSS. This situation occurs for the gap functions δ s,1,2,12 , corresponding to ξ 1,2,3,4 according to Table IX For the∆
) alongk ⊥ andk directions in the momentum space with ∆ and these nodal points on the surface are protected by mirror symmetry, which indicates non-trivial bulk topology in the corresponding mirror invariant plane in 3D bulk. This situation occurs for the pairing functions δ 4,14 , corresponding to η 3,5 used in Sec. III B 2, according to Table IX For surface gap function∆ = ( 
Thus, the system owns four total nodal points
andk y directions. One correspondence of this case is the situation with gap function δ 3 in theM + configuration. However, the surface nodal points in this case is not the same as the discussion of the AIII symmetry class of δ 3 (or the corresponding ξ 6 according to the table IX) on the M (110) mirror plane. Instead, the nodal points exist in the k x and k y lines due to the additional mirror symmetry with respect to (100) plane in the Kane model. We find that the original BdG Hamiltonian in each mirror parity subspace belongs to symmetry class D for δ 3 on mirror invariant planes (100), as shown in Appendix E, where chiral edge states can exist in each mirror parity subspace. Panel (d-e) in Fig. 5 shows energy dispersion alongk x,y (k ⊥, ) directions for the case with gap function δ 3 calculated from a slab model with open boundary condition along z direction. The parameters are lised in Table V with the chemical potential µ = −0.1 eV and gap function magnitude ξ 6 = 0.3. The helical modes alongk x,y directions result in four Dirac surface nodes, as shown in Fig. 5 (c) . Thus, the four nodal points on mirror invariant planes (100) for the surface BdG Hamiltonian also come from the mirror symmetry protected topological phase. Finally, we would like to mention the behaviors of δ 5,6,7,8,9,10 with zero gap functions when projecting onto the Fermi surface of TSSs. However, the corresponding projected gap functions for the two band models are non-zero and shown in the third column of Table VI . By choosing ∆ a = ∆ d = ∆ x k x +∆ y k y (with ∆ x = 0 for δ 5,7,9 and ∆ y = 0 for δ 6, 8, 10 ) and ∆ c = ∆ b = 0, the eigenen-
. The existence of nodal line is consistent with the zero gap functions when projecting on the Fermi surface.
C. Domain wall states between px + ipy and (px − ipy) ± (px + ipy) 3 domains
One interesting consequence between two topological distinct phases is the existence of topological protected zero modes at the interface. Here, the interface states between surface domains with p x + ip y and (p x − ip y ) ± (p x +ip y ) 3 pairing states will be explored by constructing a periodic superlattice with alternating p x +ip y and [ 2 ]. Due to the periodic boundary condition and the Bloch's theorem, the wavefunction can be written as
Here U ξ (x+L) k = U ξ (x) k is a periodic function, which can be expanded in terms of plane-wave functions
where |λ labels the component λ = 1, 2, 3, 4 of the wave function. Assume that HΨ ξ = E ξ Ψ ξ . By expanding the wavefunction in terms of plane-wave function, one arrives at
Since the low energy physics plays the essential role, one may only take a finite number of n states, denoted as −N, −N + 1, ..., N − 1, N with N = 50. The band structure for the constructed superlattice is shown in Fig. 6 for case of p x +ip y /(p x −ip y )+(p x +ip y ) 3 configuration. The geometric structure of the superlattice is shown in Fig. 6  (b) . The surface DOS in the momentum space for each domain is shown in Fig. 6 (c) and four nodal points in the momentum space for the domain (p x − ip y ) + (p x + ip y ) 3 emerge along k x = k y = 0 momentum lines on the mirror invariant planes. It is found that there exist four modes around zero energy at domain walls, as illustrated in Fig. 6 (a) . The four interface modes come from two copies of doubly degenerate boundary modes between
3 domains, which originate from the projection of states onto the domain walls due to the four nodal points in the momentum space in the domain (p x − ip y ) + (p x + ip y ) 3 . The doubly degenerate interface modes interact with each other and lift the zero-energy degeneracy, as shown in Fig. 6(a) .
Similarly, one can calculate the band structure for the constructed superlattice for case of
3 , as shown in Fig. 7 (a) . One can see that there exist two-fold degenerate zero-energy modes, which indicates the emergence of nontrivial topological phases. The robustness of the interface zero-energy modes originates the singly projected boundary states in the (p x − ip y ) − (p x + ip y ) 3 domains, where the four nodal points in the momentum space lie along the k x = 0 and k y = 0 momentum lines, as illustrated in Fig. 7 . The essential difference between the p x + ip y /(p x − ip y ) + (p x + ip y ) 3 case and the
3 case is the positions of the nodal points of domains (p x − ip y ) ± (p x + ip y ) domain wall, as shown in Fig. 6 (c) and Fig. 7 (c) .
V. DISCUSSION AND CONCLUSION
In conclusion, we have presented a systematical study of possible s-wave gap functions allowed in half-Heusler compounds. We find that the on-site pairing states with higher angular momenta could also be present when projecting the pairing function into the band near the Fermi energy and lead to nodal superconducting phases 26, [35] [36] [37] . Furthermore, the mirror symmetry plays an essential role in the topological classification for half-Heusler superconductors. The model reveals that the BdG Hamiltonian on the mirror invariant planes can be in the symmetry class AIII for even mirror parity pairing functions, or symmetry class D for odd mirror parity pairing functions. Moreover, by projecting gap functions into TSSs, three types of gap functions, including p x +ip y , (p x −ip y )+(p x +ip y ) 3 and (p x − ip y ) − (p x + ip y ) 3 are identified. The domain wall between the p x + ip y and (p x − ip y ) ± (p x + ip y ) 3 pairing states can host possible zero-energy flat bands. It should be emphasized that our results neglect the influence from the inversion symmetry breaking term (C term in the Γ 8 part of Kane model). Involving the inversion symmetry breaking term will gap out some nodal lines and nodal rings found in the Sec. IV for TSSs. However, such inversion symmetry breaking is quite small compared to other energy scale in the 6 band Kane model. Particularly, We expect such term only appears in higher order of angular momenta for two band model of surface states. Thus, these nodal points and nodal rings should remain within certain energy regime. Our studies suggest the possibility of mirror TSC in superconducting half-Heusler compounds, including LnPtBi (Ln = Y, Lu) 3,9,11 and RPdBi (R = rare earth) 38 . Finally, we would like to describe briefly the future direction from this work. The current work only involves the classification of gap function in the Kane model, but has not considered the Ginzburg-Landau free energy or equivalently the self-consistent gap equation. Thus, the question which pairing will be energetically favored in the Kane model has not been answered in this work. We notice several recent works have suggested the possibility of mixed-paring states in half-Heusler compounds, including the s-wave singlet and p-wave septet mixing 2,20 and s-wave singlet and d-wave quintet mixing 21 . Our work here only focused on a single type of pairing state and has not taken into account mixed-pairing states. It will be an interesting question how these mixed-pairing states are projected into the surface energy spectrum. Moreover, how to distinguish different types of pairing states in experiments will be another important question for the future work. Before we perform the classification of gap function, let us take a look at the character table for T d group and T d double group, which are listed in Table VII 
{E} {3C2} {6S4} {6σ } {8C3}
Basis functions 
Cooper pairings from Γ6 bands
Now let us work out the three operators for Γ 6 bands. One would use the following matrices: s 0,i = 
Thus, the on-site Cooper pair for Γ 6 bands (−c Γ6,↑ c Γ6,↓ + c Γ6,↓ c Γ6,↑ ) belongs to A 1 (Γ 1 ) IrRep.
Cooper pairings from Γ8 bands
In order to obtain the three operators for Γ 8 band, we define J matrices under the basis function . With the help of the four-by-four antisymmetric matrices defined below, δ 1 = τ z ⊗ iσ y , δ 2 = τ 0 ⊗ iσ y , δ 3 = τ y ⊗ σ 0 , δ 4 = iτ y ⊗ σ z , δ 5 = iτ y ⊗ σ x and δ 6 = τ x ⊗ σ y , we are ready to do the gap function classification within Γ 8 band. One can check that the matrices above preserve TR symmetry and PH symmetry. The relationship between these two sets of notations of gap functions are listed in Table IX . 
